We study the pre-Lie algebra of rooted trees (T , →) and we define a pre-Lie structure on its doubling space (V, ). Also, we find the enveloping algebras of the two pre-Lie algebras denoted respectively by (H ′ , ⋆, Γ) and (D ′ , ⋆, χ). We prove that (D ′ , ⋆, χ) is a module-bialgebra on (H ′ , ⋆, Γ) and we find some relations between the two pre-Lie structures.
concatenation m , and the coproduct is defined by:
where Adm(t) is the set of admissible cuts of a forest. He used this structure to solve some problems related to the renormalization of quantum field theory.
Grafting pre-Lie algebra of rooted trees was studied for the first time by F. Chapoton and M. Livernet [7] as being the space of primitive elements in the graded dual of the Hopf algebra of rooted trees. They used this structure to give a combinatorial description of the pre-Lie operad in terms of rooted trees.
In joint work with Dominique Manchon [1] , we have studied the doubling bialgebra in the context of rooted trees. We have defined the doubling bialgebras of rooted trees given by extraction contraction and admissible cuts, and we have shown the existence of many relations between these two structures.
In this article, we start by defining the enveloping algebra of grafting pre-Lie algebra of rooted trees using the method of Oudam and Guin [18] . We consider the Hopf symmetric algebra H ′ := S(T ) of the pre-Lie algebra (T , →), equipped with its usual unshuffling coproduct Γ and a product ⋆ defined on H ′ by:
We find then a comodule-coalgebra structure connecting this last Hopf algebra and the Hopf algebra of Connes-Kreimer. Secondly, we define a pre-Lie structure (V, ) on the doubling space of rooted trees. The product is defined by:
(t 1 , s 1 ) (t 2 , s 2 ) := v∈V(t 2 −s 2 ) (t 1 → v t 2 , s 1 s 2 ), and we construct (D ′ , ⋆, χ) the enveloping algebra of (V, ), where χ is the usual unshuffling coproduct and ⋆ is defined by:
We show that (D ′ , m, χ) is a comodule-coalgebra on (D, m, ∆), and in the last section we give some relations between the two structures. We prove that (V, ♦) is a left pre-Lie module on T , and we prove taht (D ′ , ⋆, χ) is a module-bialgebra on (H ′ , ⋆, Γ).
The Connes-Kreimer Hopf algebra of rooted trees and the enveloping algebra of the pre-Lie algebra of rooted trees are two important examples of Hopf algebras, so it is necessary to find relationships that connect the two structures. Our present work, which relates these two Hopf algebras and their doubling structures, will help us to find other combinatorial results as well as others related to renormalization in quantum field theory.
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Bialgebra and doubling bialgebra of rooted trees
A rooted tree is a finite connected simply connected oriented graph such that every vertex has exactly one incoming edge, except for a distinguished vertex (the root) which has no incoming edge. The set of rooted trees is denoted by T and the set of rooted trees with n vertices is denoted by T n . Example 1.
Let T the vector space spanned by the elements of T and let H = S(T ) be the algebra of rooted trees. A. Connes and D. Kreimer [9, 13] showed that this space, graded according to the number of vertices, admits a structure of graded bialgebra. The product is the disjoint union, and the coproduct is defined by:
where Adm(t) (resp Adm'(t)) is the set of admissible cuts (resp. nontrivial admissible cuts) of a forest, i.e. the set of collections of edges such that any path from the root to a leaf contains at most one edge of the collection. We denote as usual by P c (t) (resp. R c (t)) the pruning (resp. the trunk) of t, i.e. the subforest formed by the edges above the cut c ∈ Adm(t) (resp. the subforest formed by the edges under the cut). Note that the trunk of a tree is a tree, but the pruning of a tree may be a forest. We denote by 1 the empty forest, which is the unit. One sees easily that deg(t) = deg(P c (t)) + deg(R c (t)) for all admissible cuts. (See [5] and [11] ). 
Let V the vector space spanned by the couples (t, s) where t is a tree and s = P c 0 (t) where c 0 is an admissible cut of t. We define then the doubling bialgebra of trees D := S(V ), the product is given by:
the coproduct ∆ is defined for all (t, s) ∈ D by:
the unit 1 is identified to empty forest, the counit ε is given by ε(t, s) = ε(s) and the graduation is given by the number of vertices of s:
D is a graded bialgebra.
is a pruning of R c (t). So we can restrict the coassociative coproduct ∆ to V .
Proposition 1. The second projection
Proof. The fact that P 2 is an algebra morphism is trivial, it suffices to show that P 2 is a coalgebra morphism, i.e. P 2 verifies the following commutative diagram:
which can be seen by direct calculation:
The enveloping algebra of pre-Lie algebra
In this section, we describe the method of Oudom and Guin [18] to find the enveloping algebra of a pre-Lie algebra. Definition 1. A Lie algebra over a field k is a vector space V endowed with a bilinear bracket [., .] satisfying:
(1) the antisymmetry:
(2) the Jacobi identity:
Definition 2. [6, 15] A left pre-Lie algebra over a field k is a k-vector space A with a binary bilinear product ⊲ that satisfies the left pre-Lie identity:
for all x, y, z ∈ A. Analogously, a right pre-Lie algebra is a k-vector space A with a binary bilinear product ⊳ that satisfies the right pre-Lie identity:
As any right pre-Lie algebra (A, ⊳) is also a left pre-Lie algebra with product x ⊲ y := y ⊳ x, we will only consider left pre-Lie algebras for the moment. The left pre-Lie identity rewrites as:
where L x : A −→ A is defined by L x y = a ⊲ b, and where the bracket on the left-hand side is defined by [a, b] := a ⊲ b − b ⊲ a. As a consequence this bracket satisfies the Jacobi identity.
Definition 3. [18]
Let (A, ⊲) be a pre-Lie algebra. We consider the Hopf symmetric algebra S(A) equipped with its usual coproduct ∆. We extend the product ⊲ to S(A). Let a, b and c ∈ S(A), and x ∈ A. We put:
On S(A), we define a product ⋆ by:
Theorem 2. The space (S(A), ⋆, ∆)is a Hopf algebra which is isomorphic to the enveloping Hopf algebra U(A Lie ) of the Lie algebra A Lie .
The enveloping algebra of the pre-Lie algebra of rooted trees
Grafting pre-Lie algebra of rooted trees were studied for the first time by F. Chapoton and M. Livernet [7] , D. Manchon and A. Saidi [16] and after that by others in different domains. The grafting product is given, for all t, s ∈ T , by:
where t → v s is the tree obtained by grafting the root of t on the vertex v of s. More explicitly, the operation t → s consists of grafting the root of t on every vertex of s.
Now, we can use the method of Oudom and Guin [18] to find the enveloping algebra of the grafting pre-Lie algebra of rooted trees. We consider the Hopf symmetric algebra H ′ := S(T ) of the pre-Lie algebra (T , →), equipped with its usual unshuffling coproduct Γ. We extend the product → to H ′ by the same method used in Definition 3 and we define a product ⋆ on H ′ by:
By construction, the space (H ′ , ⋆, Γ) is a Hopf algebra. Proof. It is clear that ∆ : H ′ −→ H ⊗ H ′ is a coaction, that means that ∆ is coassocitive. Second, we prove that the coproduct Γ is morphism of left H ′ -comodules. This amounts to the commutativity of the following diagram:
We use the shorthand notation: m 13 := (m ⊗ I) • τ 23 .
which proves the theorem.
5.
The doubling pre-Lie algebra of rooted trees Definition 4. Let (t 1 , s 1 ) and (t 2 , s 2 ) be two elements of V , we define the map by:
where v ∈ V(t 2 − s 2 ) denotes that v is a vertex of t 2 but is not a vertex of s 2 .
Example 5.
( , ) ( , ) = ( , ) + ( , ).
( , ) ( , ) = ( , ) + ( , ) + ( , ) + ( , ).
Theorem 5. Equipped by , the space V is a pre-Lie algebra.
Proof. Let (t 1 , s 1 ), (t 2 , s 2 ) and (t 3 , s 3 ) be three elements of V , we have:
On the other hand we have:
Then we have:
which is symmetric on (t 1 , s 1 ) and (t 2 , s 2 ). Then we obtain:
Consequently, is pre-Lie.
The enveloping algebra of the doubling pre-Lie algebra of rooted trees
We showed that (V, ) is a pre-Lie algebra, so we consider the Hopf symmetric algebra D ′ := S(V ) equipped with its usual unshuffling coproduct χ. We extend the product to D ′ by using Definition 3 and we define a product ⋆ on D ′ by:
By construction, the space (D ′ , ⋆, χ) is a Hopf algebra.
Proof. It is clear taht ∆ : D ′ −→ D ⊗ D ′ is a coaction, that means that ∆ is coassocitive. Second, we prove that the coproduct χ is a morphism of left D ′ -comodules. This amounts to the commutativity of the following diagram: (2) .
Relations between the two pre-Lie structures
In this section, we prove that V is a left pre-Lie module on T and we find some relations between the two pre-Lie structures defined on V and T . Also we show that the enveloping algebra of the pre-Lie algebra (D ′ , ⋆, χ) is a module-bialgebra on (H ′ , ⋆, Γ). 
Definition 6. Let t 1 ∈ T and (t 2 , s 2 ) ∈ V , we define the map ♦ by:
Theorem 7. Equipped by ♦, the space V is a left pre-Lie module on T . In other words for any t 1 , t 2 ∈ T and (t 3 , t 3 ) ∈ V , we have:
Proof. Let t 1 , t 2 be two elements of T , and let (t 3 , s 3 ) be an element of V , we have:
Then, we have:
which is symmetric in t 1 and t 2 . Therefore:
7.2.
Relation between and ♦. In this subsection, we prove that there exist relations between the action ♦ and the pre-Lie product defined on V .
Theorem 8. The law ♦ is a derivation of the algebra (V, ). In other words, for any t 1 ∈ T and (t 2 , s 2 ), (t 3 , s 3 ) ∈ V , we have:
Proof. Let t 1 ∈ T and (t 2 , s 2 ), (t 3 , s 3 ) ∈ V , we have:
Theorem 9. The following diagram is commutative:
In other words, the projection on the second component P 2 is a morphism of pre-Lie modules.
Proof. Let be t 1 ∈ T and (t 2 , s 2 ) ∈ V , we have:
Module-bialgebra.
Proposition 2. Let (t 1 , s 1 ) and (t 2 , s 2 ) be two elements of D ′ . The product ⋆ satisfies the following result:
where:
Proof.
Proof. We consider the map: α : D ′ ⊗ H ′ −→ D ′ defined for all (t, s) ∈ D ′ and t ′ ∈ H ′ by:
To prove this theorem, first we will show that α is an action which results from the following commutative diagram:
Second, we show that the following diagram is commutative:
We use the following notation: Γ 23 = τ 23 • (I ⊗ I ⊗ Γ).
On the other hand: α • (⋆ ⊗ I) (t 1 , s 1 ) ⊗ (t 2 , s 2 ) ⊗ t = α (t 1 , s 1 )⋆(t 2 , s 2 ) ⊗ t = α (t 1 ⋆ t 2 − t 1 ⋆ t 2 , s 1 s 2 ) ⊗ t = (t 1 ⋆ t 2 − t 1 ⋆ g t 2 ) ⋆ t, s 1 s 2 = (t 1 ⋆ t 2 ) ⋆ t − (t 1 ⋆ g t 2 ) ⋆ t, s 1 s 2 .
Finally, we prove that the coproduct χ is a morphism of modules. This amounts to the commutativity of the following diagram:
Let (t 1 , s 1 ) ∈ D ′ and t 2 ∈ H ′ , we have:
2 ), s (1) ) ⊗ (t 
2 ), s (2) ) = (t 1 ,s 1 ) , (t 2 ) (t (1)
2 , s (1) ) ⊗ (t
1 ⋆ t
2 , s (2) ).
We use the notation: (χ ⊗ I ⊗ I) • (I ⊗ Γ) = χ ⊗ Γ.
1 , s
2 , s (2) ), which proves the theorem.
